A wave-packet ansatz is used to model noise generation by organized, large-scale structures. The spectrum of the acoustic field is expressed in terms of two-point space-time correlations of hydrodynamic pressure on a conical surface surrounding the jet plume. The surface is sufficiently near the turbulent flow region to be dominated by hydrodynamic disturbances, yet sufficiently far that the wave equation can be used to project the nearfield pressure to the acoustic field. In the present study, a 78-microphone array was used to measure hydrodynamic pressure on the conical surface at a variety of acoustic Mach numbers and temperature ratios. At each jet cross section, 6 microphones are staggered in the azimuthal direction allowing resolution of pressure up to azimuthal mode number m=2. We compare recent jet noise measurements using an 80-microphone conical mid-field array with those derived from the near-field hydrodynamic array data, showing reasonably good predictions. Source model parameters are identified for various jet temperature ratios. Results show that changes in jet noise directivity with heating can be attributed to contraction of the wave-packet scale.
I. Introduction
The generation of noise from high-speed, turbulent jets is of significant practical interest (e.g., for subsonic civil transport), receiving widespread attention for decades. The need to reduce aircraft exhaust noise in the face of increasingly stringent environmental regulations has led to numerous studies aimed at understanding the underlying noise sources and developing means to mitigate them. Numerous experimental and analytical approaches to explore the connection between shear flow turbulence and noise have been pursued since the pioneering work of Lighthill, 1 some of which are described below. Tam et al. 2 reported that measured far-field noise spectra from single stream jets can be described by a pair of characteristic spectral shapes, having distinct directivity, that were associated with fine and largescale turbulence structures. Noise generation associated with the former mechanism (hypothesized to be due to fine-scale turbulence) has received significant attention resulting in semi-empirical models (relating two-point turbulence statistics to noise) coupled to RANS computations (reviewed by Tam 3 ). On the other hand, much less in the way of analytical models or computations exist concerning jet noise generation due to large-scale structures. Large-eddy simulations 4, 5 for jet noise are only now becoming feasible at moderate Reynolds numbers, and use of reduced-order models 6, 7 to explore noise generation from unsteady, organized aspects of turbulence (such as large-scale vortices and their interactions) is still in its infancy.
The preferential amplification of disturbances in certain frequency bands leads to the formation, interaction and subsequent decay of organized instabilities and vortical structures in free shear flows such as the jet.
One might therefore describe the acoustic behavior of the jet in terms of the growth and decay of a coherent structure. This notion parallels the association of sound generation with linear instability waves invoked by past researchers. 9, 10 For very low Mach number flows, Crighton and co-workers elucidated the superdirective nature of noise radiation and its dependence on the (wave amplitude) envelope shape (inferred from Laufer and Yen 11 measurements of near-field pressure in a jet) and size (relative to the acoustic wavelength).
Morris and Tam
12 computed far field sound from linear instability waves for highly supersonic jet flows, where a supersonic convective wave speed (relative to the ambient sound speed) enables efficient coupling with the acoustic field. More recently, analysis of nonlinear evolution of supersonic instability waves has also been performed for M > 2. 13 However, such analytical treatment becomes limited and computationally cumbersome in high subsonic jets, where only a small portion of the frequency-wavenumber distribution of the relevant scales of motion extend to the radiating supersonic region.
14 Several experimental approaches to inferring the sound sources using in-flow velocity and near/far-field pressure measurements have been proposed over the years. Some of the earliest measurements of pressure fluctuations due to coherent structures and their connection with jet noise radiation were reported by MolloChristensen. 15 In-flow measurements of density and velocity fluctuations simultaneously with far field noise measurements have also been reported, [16] [17] [18] aiming to establish a direct cause-and-effect relationship between turbulence characteristics and far field noise. Motivated by the measurements of pressure correlations in the jet (such as by Fuchs 19 ), Michalke 20 analytically investigated the effect of the spatial extent of the source coherence on noise generation. It was shown that for jets with convection Mach number near unity, larger and more 'focused' noise radiation in the aft angles occurs with increasing source coherence (relative to a length scale based on the source volume). More recently, non-intrusive means to the causality approach have been pursued, 21 but remain limited to pointwise measurements. Such measurements describe local turbulence characteristics well but are ineffective in capturing flow motions over spatially extended regions. Consequently, local flow quantities will correlate weakly with far field sound and be limited to only the low frequencies for which the sources are coherent over a large flow region. Zaman 22 examined the near and far field pressure of a subsonic jet, attempting to describe noise sources in terms of the overall turbulence characteristics, without establishing direct correlations with organized flow structures. Ukeiley and Ponton
23
characterized the dynamic and three-dimensional nature of hydrodynamic pressure signatures over a spatially extended jet region and speculated the connection between lower azimuthal mode number structures at low frequencies and the far-field noise. Recent studies, 24, 25 have also attempted to relate (albeit qualitatively) the dynamics of large-scale structures within the jet shear layers to the far field sound generation at low frequencies and in the aft angles. The origin of sound waves were inferred from the phase lag between individual microphones of a small array of far field microphones. Coupled with simultaneous (scalar) visualizations of the flow field, insights into the evolution of flow structures and the peak noise generation were obtained. However, a more robust and quantitative approach to verifying the role of the large-scale flow structures to the far-field sound is still lacking. In particular, none of the aforementioned measurements have been used to (quantitatvely) project sound levels in the far field.
In summary, the quantitative relationship between organized structures in a jet flow and the far field noise generation has not been satisfactorily addressed. Particularly lacking is a parametric modeling framework enabling a better understanding of the sensitivity of the acoustic field to changes in the flow structure evolution. This would facilitate the development of innovative and effective jet noise reduction concepts. The present study is directed at providing such a modeling framework.
The modeling described herein relies on a wave-packet based description of near-field pressure on a conical surface in the linear, hydrodynamic region of the jet. Thus, the source is described by second order statistics of a scalar quantity over a surface, in contrast with the Lighthill Analogy approach requiring fourth-order statistics of a vector quantity over a volume. Although the source description adopted here is less fundamental than that of Lighthill, it can be measured experimentally with relative ease.
The present study is an extension of exploratory work 27 where a simple three-microphone technique was used. Here we utilize near-field array data acquired by Suzuki and Colonius 26 in partnership with NASA Glenn Research Center. A large microphone array was used to simultaneously measure pressure time traces over a substantial axial extent surrounding the jet and with adequate axial and circumferential resolution.
II. Experimental Facility and Method
We briefly describe salient details of the experimental facilities; further details regarding the microphone array measurements are given in Suzuki & Colonius 26 and particle image velocimetry (PIV) and other flow measurements are discussed by Bridges & Wernet 29 and Bridges & Brown. 28 The experiments were conducted using the Small Hot Jet Acoustic Rig (SHJAR) at NASA Glenn Research Center. A single-stream round jet issued from a converging nozzle with 2 in. exit diameter. The nozzle was mounted 3.05m from the ground in an anechoic dome with a 20m radius. Straight and chevron nozzles were tested but the present discussion is limited to results from the straight nozzle. Experiments were conducted at a variety of set points from the matrix of Tanna.
30 PIV measurements were previously made in in-flow and cross-flow planes for each of the operating conditions. 28, 29 Averaged PIV data was used by Suzuki & Colonius 26 to construct linear instability eigenfunctions that were used in processing the microphone array data with a beam-forming technique in order to detect the amplitude and streamwise variation of instability waves, as described in greater detail in IV.
Microphones were placed in two conical array configurations depicted in figure 1 . In the first case (figure 1a), a 78 microphone array was placed just outside the jet mixing layers in order to measure the hydrodynamic pressure associated with large-scale turbulent structures (instability waves). The array location and microphone spacing were designed by Suzuki & Colonius 26 based on linear stability analysis of the jet mean flow fields (from PIV) in order to detect instability waves over a range of low frequencies and azimuthal mode numbers from 0 (axisymmetric) to 2. The array has 13 rings with 0.625D inter-ring spacing and a total axial extent just over 8D. Six microphones are placed on each ring with an equal spacing of 60
• ; microphones are staggered in the azimuthal direction by an amount of 30
• at every other ring. The spacing and axial positions were determined to allow just 7 rings of microphones to span approximately two wavelengths of the instability waves at the peak frequency for the beam-forming detection algorithms. The spreading angle of the array (cone half angle) is 11.3
• , determined to be slightly wider than the spreading of the velocity fluctuations. The entire array could be shifted along the jet axis; six axial positions of the array were tested. The error in microphone position was estimated to be less than 0.05D from a noise-source test using a spark plug. This error is at most 5% of the instability wavelength. The background noise amplitude was at least three orders of magnitude smaller than signals from the jet. The second array (figure 1b) was designed by James Bridges (NASA Glenn) to measure the acoustic field. In what follows we refer to this as the mid-field array since microphones were placed in the range of 17.3D < r < 25D, which is about 2 to 3 wavelengths of sound at the peak frequency. The array covers zenithal angles in the acoustic field (measured from the downstream direction) of 31.7
• to 106.3
• . Fifteen axial ring positions were designed to give nearly equally spaced zenithal angles. The 10 rings furthest upstream have 6 microphones per ring (equally spaced in the azimuthal direction and staggered from ring to ring, while the 5 rings furthest downstream have 4 microphones per ring. Errors in microphone positions are less than 0.1D based on photographic analysis.
III. Analysis

A. Acoustic projection method
The objective of the current study is to sense the pressure signatures of large-scale turbulent structures in the jet near field, and analytically relate their statistical properties to sound radiation. Toward this end, we assume that the near-field microphones are in a region where pressure is governed by the linear wave equation. Thus, we require that the measurement location is sufficiently near the jet such that the pressure field is dominated by hydrodynamic disturbances, yet sufficiently far from the jet such that the effects of non-linearity and mean flow non-uniformity can be reasonably neglected.
We solve the wave equation
with pressure specified on a cylindrical surface of radius r = r 0 encompassing the jet. This is a simplifying approximation to the conical surface on which pressure data is acquired. Equation (1) is solved by applying Fourier transforms in the streamwise (x) and azimuthal directions (θ), and solving the resulting boundary value problem in the radial coordinate with boundary condition specified at r = r 0 . A disadvantage of this approach is the need to specify pressure data along the entire x axis, while the near-field array data extends only 7 to 9 jet diameters downstream of the nozzle exit. However, this approach admits straightforward analytical solutions, and was preferred for the feasibility assessment presented here. Future efforts will include alternative treatments of the downstream region, as well as exact accounting for the conical array geometry.
In discussing the analytical solution, we take x = 0 to coincide with the last microphone position in the array, so that the nozzle exit is at some x < 0. In the downstream region x > 0 we apply the impermeable-wall boundary condition ∂p ∂r
Thus, grazing rays along the jet axis experience an artificial solid-wall boundary condition, and processing of these rays by the mean flow of the downstream jet plume is neglected. This boundary condition was preferred to the perhaps more obvious approach of setting p = 0 for x > 0; in this case, the downstream region acts as sound-absorbing (pressure-release) surface, causing significant attenuation of the sound field in the aft-most angles. The pressure field can be expressed as
and F m is the fundamental solution satisfying (1) and (2 )along with
The mixed boundary value problem for F m is solved using the Wiener-Hopf technique. The jet pressure spectral density at azimuthal mode m can then be expressed as
where
is the pressure cross-spectral matrix on the near-field surface r = r 0 . Previously 27 the four-fold integration in (6) was simplified by invoking far-field approximations. An alternative simplifying step, not restricted to the acoustic far field, is to apply Proper Orthogonal Decomposition, whereby the correlation function can be written
where φ (n) are eigenfunctions of the correlation function, and λ (n) are the corresponding eigenvalues. The jet pressure spectral density is then given by
For the numerical results presented here, all modes were retained in the above summation.
B. Analytical source model
In the present formulation, the pressure cross-spectrum R m constitutes the acoustic source. In the following, we estimate this source from near-field array data, and use the result to reconstruct the acoustic field. The amplitude and real part of R m are shown in figure 2 at St = 0.2 for a heated jet with acoustic Mach number 0.9. The pressure cross-spectrum takes the form of an amplitude-modulated traveling wave with peak amplitude at x/D ∼ = 4.5. Phase iso-contours are seen to diverge with downstream distance, corresponding to decreasing wavenumber, and increasing phase speed. We consider a model for R m in the form of a modified wave-packet
wherex = (x + x )/2, ∆x = (x − x )/2, and
Note that the coordinatesx and ∆x correspond to the mean microphone location, and microphone halfseparation, respectively. The length scale L 1 characterizes the streamwise extent of the active source region, and L 2 characterizes the streamwise correlation scale. Thus, a wave-packet with L 1 L 2 represents a broad distribution of locally correlated pressure. Conversely, for a wave-packet with L 1 on the order of L 2 , pressure is correlated over a scale comparable to the source region.
The above model for R m provides a good fit to the data, as shown in figure 2c . Identification of source model parameters is discussed further in IV. 
IV. Results and Discussion
A. Near-field pressure analysis
We briefly review some previous data analysis 26 for the near-field array. In this work, the beam-forming algorithm was adapted to detect the signatures of instability waves convecting in the jet mixing layers.
Essentially, the monopole source used as the kernel in standard beam-forming techniques was replaced with eigenfunctions from (weakly nonparallel) linear stability analysis of the experimentally measured jet mean velocity field. The output of the algorithm is the overall amplitude of the eigenfunction that best matches (in a least-squared sense) the measured signal. The algorithm attempts to minimize any contributions to the observed signals from uncorrelated events (e.g. contributions from convecting smaller-scale turbulence at the same frequency, or from acoustic waves at the same frequency). The results demonstrated that in a statistical sense, the eigenfunctions obtained from linear stability analysis well represent the coherent flow structures from the nozzle exit to the end of the potential core, particularly near the most amplified frequency of each azimuthal mode.
We can infer from these results that at the low frequencies of interest, the pressure measured along the near-field array is primarily composed of hydrodynamic (instability wave) pressure fluctuations rather than acoustic radiation. This is important in assessing the viability of the far-field projection method developed in the present paper, since the goal is to devise a model that establishes the transfer function between coherent large-scale structures and the far-field sound (not merely to project the sound from one location to another). To demonstrate that this is the case, figure 3 compares pressure measured along the near-field array with eigenfunctions from linear stability analysis whose amplitude has been determined by the aforementioned beam-forming technique. For the data presented in the figure, we take Fourier transforms in the azimuthal direction and in time of the 6 microphones on any given ring (we call this the ring-wise pressure). Note that here only 7 streamwise rings are plotted since this was the subset of microphones used in the beamforming technique. There is in general a good agreement between the ring-wise data and the eigenfunctions. Previous analysis 26 has also shown that pressure at each axial station of the array follows exponential (rather than algebraic) decay with radius, consistent with being in the hydrodynamic near-field (see figure 3a) . For sufficiently large radii, algebraic decay, indicative of acoustic behavior, is found.
To further demonstrate that hydrodynamic events are recorded by the near-field array, figures 4a,b show the phase of R 0 at St = 0.2 at an acoustic Mach number of 0.9, and temperature ratios of 1.76 and 2.7 (set points 27, 46 from Table 1 ). The steeper trend line corresponds to a phase speed of 0.7U j , and the shallow line corresponds to the phase speed of an acoustic wave propagating along the jet axis. Phase speeds increase with downstream distance, presumably due to increasing contribution from acoustics. We can see, however, that the dominant phase behavior at the peak of the wave-packet is indicative of hydrodynamics. 
B. Acoustic projection
In this section we compare acoustic measurements along the mid-field array with those projected from the near-field hydrodynamic data. Results are presented for the jet operating conditions in Table 1 . Set points 7, 27, and 46 are at a fixed acoustic Mach number of 0.9 with temperature ratios of 0.84, 1.76 and 2.7, respectively. Set points 23, 27, and 29 are at a fixed temperature ratio of 1.76, with acoustic Mach numbers of 0.5, 0.9 and 1.33, respectively. As discussed above, the projection method assumes boundary data is specified on a cylindrical surface of radius r = r 0 , whereas the near-field array has a spreading angle of 11.3
• . In the following results, we take r 0 = 1.65D j , corresponding to the mean array radius. Sensitivity to the choice of r 0 is approximately ∓1.5dB for r 0 in the range of 0.9D j to 2.4D j , corresponding to the minimum, and maximum radii of the near-field array, respectively. We first present results for azimuthal mode m=0. Comparisons of projected and measured sound pressure are presented in figures 5 and 7 at constant acoustic Mach number, and constant temperature ratio, respectively. Sound pressure levels are shown as a function of polar angle along the mid-field array for Strouhal numbers of 0.2 and 0.4. Projected pressure levels are in good agreement with mid-field array data for polar angles above 50
• . At lower angles, levels are consistently under-predicted, with the largest error of approximately 10dB observed for set points 7 and 29. Conversely, the low-angle discrepancy is smallest for the heated set point 46 at acoustic Mach 0.9, and heated set point 23 at acoustic Mach number 0.5.
Corresponding wave-packet amplitudes are shown in figures 6 and 8 at constant acoustic Mach number, and constant temperature ratio, respectively. At each frequency, agreement between measured and projected levels improves as the peak of the wave-packet moves upstream, and more of the active source region is encompassed by the array. This trend suggests that errors in the projection are associated with insufficient downstream extent of the array.
We next present results for azimuthal mode m = 1. Comparisons of projected and measured sound pressure at constant temperature ratio are presented in figure 9 . We note that radiation at mode m = 1 tends to be less aft-directive as compared to m = 0. As in the comparisons for m = 0, agreement between measured and projected levels improves as the peak of the wave-packet moves upstream. In particular, the comparison at set point 23 is very good. In contrast with results for m = 0, however, the discrepancies are not restricted to the aft-most angles.
The above results for m = 0 and m = 1 suggest that errors in the projection are associated with insufficient downstream extent of the array. There are several related effects of insufficient array length, and the data are not consistent with a single explanation. It is conceivable that there is significant radiation from the active source region to shallow angles, especially toward the end of the array, which does not cross the array. Radiation at these extreme shallow angles would tend to be refracted by the jet plume, and perhaps account for the observed discrepancies around the peak angle at m = 0. However, this fails to explain observed trends at m = 1, where the discrepancies are not restricted to shallow angles.
Arguably, an additional source of error is the non-physical boundary condition applied on r = r 0 downstream of the array. Grazing rays along the jet axis experience an artificial solid wall boundary condition, whereas the physical acoustic field undergoes some interaction with the diverging jet plume.
Finally, figure 11 compares measured and projected sound pressure spectra at polar angles φ = 30
• , 50
• , 60
• for set points 27, 46 and 29. Overall, trends in spectral shape, particularly spectral broadening with increasing angle, are captured. Also, the peak frequency tends to be captured in the aft-most angle. At higher angles, significant low frequency (St < 0.2) contamination obscures the spectral peak. This spurious noise source is the result of abrupt truncation of the wave-packet, which for St < 0.2 tends to peak near the boundary of the hydrodynamic array.
C. Source model parameter identification
Parameters in the source model (10) were identified by a least-squares fit to the measured cross-spectra R m for set points 7, 27, and 46 at St = 0.2 and azimuthal mode m = 0. This series of set points is at a constant acoustic Mach number of 0.9, with varying temperature ratio ( Table 1) . Convection speeds are found to be comparable in all three cases (see figure 4 for comparison of set points 27 and 46). Length scales L 1 and L 2 are summarized in Table 2 . The streamwise correlation scale L 2 shows little variation with temperature ratio. Length scale L 1 , which characterizes the streamwise extent of the active source region, decreases with increasing temperature; this is presumably associated with shortening of the potential core. Thus, as temperature increases, the normalized correlation scale L 2 /L 1 increases, and coherent dynamics account for a relatively larger portion of the active source region. As jet temperature increases at fixed acoustic Mach number, we observe a broadening of the directivity pattern at mode m = 0 (figures 5 and 12a). In particular, there is a marked increase in radiation to moderate angles. Figure 12b illustrates sensitivity of the acoustic field to L 1 as computed from the R m source model. L 1 was decreased by a factor of 0.8 from the baseline value identified for set point 27; other parameters (e.g. phases) were held constant, with the exception of amplitude A, selected to match set point 27 levels at 80
• . Directivity patterns computed from the source model exhibit broadening similar to that seen in the data. These preliminary results suggest that contraction of the wave-packet scale L 1 , namely shortening of the active source region relative to the correlation scale, is the controlling parameter for directivity broadening with increasing temperature.
Ongoing studies will further investigate influences of the wave-packet parameters on directivity, and other features of the acoustic field. 
V. Conclusions
An analysis framework has been presented to describe noise generation by large-scale organized structures in jets. The approach attempts to relate statistics of near-field hydrodynamic pressure to far-field sound by applying the linear uniform-medium wave equation. We require, therefore, that the measurement location is sufficiently near the jet for signatures of hydrodynamic disturbances to be dominant, yet sufficiently far from the jet such that the effects of non-linearity and non-uniform mean flow can be neglected. This enables the projection of far-field noise due to coherent near-field structures, not a mere projection of sound from one location to another.
Results have demonstrated the feasibility of measuring pressure signatures of hydrodynamic disturbances, and relating their spatio-temporal statistics to sound generation. It is shown that, for low frequencies (St < 0.4), the near-field correlations are dominated by hydrodynamics. Acoustic pressure computed from the hydrodynamic data shows generally good agreement with far-field measurements. Trends in directivity, spectral shape and noise level are captured as a function of jet Mach number and temperature ratio. For m = 0, quantitative comparisons are good at polar angles above 50
• . Discrepancies apparent at lower angles are the result of insufficient downstream extent of the array.
An analytical model has been developed for the measured hydrodynamic pressure correlations which constitute the acoustic source. An ansatz consisting of Gaussian wave packets is shown to provide a good approximation to the data. The resulting model characterizes the source in terms of a spatial scale, a spatial correlation scale, and a spatially non-uniform wavenumber. The parametric model has been used to investigate the effects of jet heating on directivity. Results show that broadening of the directivity pattern with heating can be attributed to contraction of the wave-packet envelope.
The semi-empirical modeling approach presented here offers a promising framework for analyzing sound generation from organized structures in a parametric fashion. This will aid in a better understanding of the sensitivity of the sound field to changes in the flow structure evolution. Such assessments will also be used to identify the distinguishing effects of jet noise reduction devices (e.g. tabs and chevrons) on the near field structure evolution and noise generation.
